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What a great way to start today!
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Just a reminder from Wednesday.

*In general, the angular
velocity 1s not pointed in
the same direction as the
angular momentum.

*If the angular velocity 1s
directed along the
principal axes, the angular
velocity and  angular
momentum are parallel.

If the object has
symmetry, the principal
axes are directed along
the symmetry axes of the
object.

Rotation axis
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Transformations of the Inertia Tensor.
Connecting Inertia Tensors (£ and J).

A translation.

Frank L. H. Wolfs

%€ *3
Center of mass of

the rigid object.

Xo
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Connecting Inertia Tensors (£ and J).
The Steiner’s Parallel-Axis Theorem.

* In the displaced reference frame (frame X):

Jij = Ema (5ij Zonc,k - Xa,j>
k

(04

* This 1nertia tensor is related to the inertia tensor in the reference
frame where the origin is located at the center-of-mass of the object:

Jij =1ij + zma <5ij2 ai — ai“j) = I;j + M(6;;a* — a;a;)
a

k
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Connecting Inertia Tensors.
Rotations.

* Rotations can be expressed in terms of a rotation matrix A;;:

. /
Xi = z Aﬂx]
J

* The transformation of the inertia tensors can be written as

Iim = 2 AikAmilin = 2 AircliiAm
7 Kl

|

or Transposed matrix element

{I'} = (AHI}{2"}
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Problem 11.16.

Consider the following inertia tensor:

rlA+B 1A B O\
~(A+B) (A-B)

W=l 5 Ly 0
E(_ ) 5( + B)

.0 0 C)

Perform a rotation of the coordinate system by an angle 6
about the x; axis. Evaluate the transformed tensor elements,
and show that the choice 8 = m/4 renders the inertia tensor
diagonal with elements 4, B, and C.
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Problem 11.16.

* The rotation matrix is

cos@ sinf 0O
{A} = —sin® cosf® O
0 0 1
* The transformed inertia tensor 1s thus
(T) =(_7~)(I)(7~')=
%(A+B)+(A—B)cos€sine %(A—B)cosze—%(A—B)sinze 0

- —%(A—B)sinz 9+%(A—B)c0320 %(A+B)—(A—B)Cosesine 0

0 0 C |
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2 Minute 41 Second Intermission.

* Since paying attention for 1 GOOD MORNING

hour and 15 minutes 1s hard GOOD MORNING
when the t()pic 1S thSiCS, T S S oo o S o

let’s take a 2 minute 41
second intermission.

* You can:

* Stretch out.

 Talk to your neighbors.

« Ask me a quick question.
* Enjoy the fantastic music.
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Euler Angles.
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Euler Angles.
Transformation Matrix.

Rotation around x5 axis.
Rotation around x,” axis.
Rotation around X3’ axis.

v l

( cosy siny O \( 1 0 0 \( cos¢p sing O )
A =| —siny cosy O 0O cos@ sin6 —sing cos¢p 0 |=
\ 0 0 1 J\ 0 —sin@ cos6 N 0 0 1 )

cosy cos¢—cos@singsiny  cosy sin@+ cos @ cossiny sinl//siné?\

=| —siny cos@—cos@sin@cosy —siny sing+cos@cos@Pcosy cosy sinf

sin@sin @ —sin@cos ¢ cos6 J
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Euler Angles.
Angular Velocity.

( )

( @, ) ( ¢ +6,+y, @sin@siny + O cosy
¢2+92+W2
@; ) \ ¢3+93+VY3 )\ dcosO+yr )

@sinfcosy —Osiny

Sl

1
S

1
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Lagrange’s equations for the three Euler
angles.

* We can obtain a Lagrange’s equation for each Euler angle:
° ¢d
E{Ilwl sin@siny + I,w, sinf cosy + 1,w, cos 9} =0
* 0:
(b({llco1 siny + 1,0, cosy/}cose— Lo, sinO)—

%{Ila)1 cosy — Lo, siny } =0

[ J W'.

(I,-1,) 0,0, 1,0, = 0— Only equation that contains

just angular velocities.
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Lagrange’s equations for the three Euler
angles.

* Since our choice of coordinate axes was arbitrary, we can
find the following relations for the three components of the
angular velocity:

(1,-1,)o,0,-1,0,=0
(1,-1,) 0,0, - 1,&, =0
(1,-1)0,0, — L&, =0
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Example: symmetric top.

* Two different principle moments:
1 1= Ji 7 and [ 3
* One of the Euler equations tells us:

L,w,=0
 We thus conclude that
@, () = constant = @,

* The other two Euler equations:

: I,—1
wl=—( : 1w3)w2=—£2w2

1

—

. I,.—1
w2=( 31 1w3]w1=9w1 N

1
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No external forces:
angular momentum 1s conserved.

* Since there are no external
forces acting on the system,
the angular momentum
remains fixed in the fixed
reference frame.

* The rotational  Kkinetic
energy 1s also constant.

1] =
Tml‘ = 560 L Body cone
* This requires that the angle <
between the angular

1> 1,
momentum and the angular X

velocity 1s constant.
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ENOUGH FOR TODAY?
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