PHY 235, Classical Mechanics Chapter 7

7 Hamilton’s Principle - Lagrangian and Hamiltonian Dynamics

Many interesting physics systems describe systems of particles on which many forces are acting. Some of
these forces are immediately obvious to the person studying the system since they are externally applied.
Other forces are not immediately obvious, and are applied by the external constraints imposed on the
system. These forces are often difficult to quantify, but the effect of these forces is easy to describe. Trying
to describe such a system in terms of Newton’s equations of motion is often difficult since it requires us to
specify the total force. In this Chapter we will see that describing such a system by applying Hamilton’s
principle will allow us to determine the equation of motion for systems for which we would not be able
to derive these equations easily on the basis of Newton’s laws. We should stress however, that Hamilton’s
principle does not provide us with a new physical theory, but it allows us to describe the existing theories
in a new and elegant framework.

7.1 Hamilton’s Principle

The evolution of many physical systems involves the minimization of certain physical quantities. We al-
ready have encountered an example of such a system, namely the case of refraction where light will prop-
agate in such a way that the total time of flight is minimized. This same principle can be used to explain
the law of reflection: the angle of incidence is equal to the angle of reflection.

The minimization approach to physics was formalized in detail by Hamilton, and resulted in Hamilton’s
Principle which states:

” Of all the possible paths along which a dynamical system may move from one point to another within a
specified time interval (consistent with any constraints), the actual path followed is that which minimizes the time
integral of the difference between the kinetic and potential energies. ”

We can express this principle in terms of the calculus of variations:

2
6J (T-U)dt=0 (7.1)
t

The quantity T - U is called the Lagrangian L.

Consider first a single particle, moving in a conservative force field. For such a particle, the kinetic
energy T will just be a function of the velocity of the particle, and the potential energy will just be a function
of the position of the particle. The Lagrangian is thus also a function of the position and the velocity of the
particle. Hamilton’s theorem states that we need to minimize the Lagrangian and thus require that

t
5[ L(x;,%;)dt=0 (7.2)
t
In Chapter 6 we have developed the theory required to solve problems of this type and found that the
Lagrangian must satisfy the following relation:

JL d JL _
Ox; dt 9%
This last equation is called the Lagrange equation of motion. Note that in order to generate this equation
of motion, we do not need to know the forces. Information about the forces is included in the details of the
kinetic and potential energy of the system.
Consider the example of a plane pendulum. For this system, there is only one coordinate we need to
specify, namely the polar angle 6. The kinetic energy T of the pendulum is equal to

(7.3)

T= %mﬂ@? (7.4)

and the potential energy U is given by
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U =mgl (1 —-cosH) (7.5)

The Lagrangian for this system is thus equal to

1 .
L:T—U:Emﬂ@z—mgl(l—cose) (7.6)
The equation of motion can now be determined and is found to be equal to
dL d JL . d 2/ . s
T ——mglsme—ﬁ(ml 6)——mglsm9—ml 6=0 (7.7)
or
g . _
0+ TSIHQ =0 (7.8)

This equation is of course the same equation we can find by applying Newton’s force laws. In this example,
the only coordinate that was used was the polar angle 6. Even though the pendulum is a 3-dimensional
system, the constraints imposed upon its motion reduced the number of degrees of freedom from 3 to 1.

7.2 Generalized Coordinates

If we try to describe a system of n particles, we generally need 3n coordinates to specify the position of its
components. If external constraints are imposed on the system, the number of degrees of freedom may be
less. If there are m constraints applied, the number of degrees of freedom will be 3n - m. The coordinates
do not need to be the coordinates of a coordinate system, but can be any set of quantities that completely
specify the state of the system. The state of the system is thus fully specified by a point in the configuration
space (which is a 3n - m dimensional space). The time evolution of the system can be described by a path
in the configuration space.

The generalized coordinates of a system are written as g1, 43, g3, ... The generalized coordinates are of
course related to the physical coordinates of the particles being described:

Xa,i = Xa,i (91,92, q3) s t) :xa,i(qj’t) (7.9)

wherei=1,2,3and a =1, 2, ....., n. Since the generalized coordinates in general will depend on time,
we can also introduce the generalized velocities. The physical velocities will depend on the generalized
velocities:

fo,i = %a,i(d),4j,t) (7.10)

7.3 Equations of Motion in Generalized Coordinates
Based on the introduction of the Lagrangian and generalized coordinates, we can rephrase Hamilton’s

principle in the following way:

” Of all the possible paths along which a dynamical system may move from one point to another in configura-
tion space within a specified time interval (consistent with any constraints), the actual path followed is that which
minimizes the time integral of the Lagrangian function for the system. ”

Thus

t
6J. L(qi,q'i,t)dt:O (7.11)

t

and
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JL d JL _

dq; dtdg;
When we use the Lagrange’s equations to describe the evolution of a system, we must recognize that these
equations are only correct when the following conditions are met:

(7.12)

1. The force(s) acting on the system, except the forces of constraint, must be derivable from one or more
potentials.

2. The equations of constraint must be relations that connect the coordinates of the particles, and may
be time-dependent (note: this means that they are independent of velocity).

Constraints that do not depend on the velocities are called holonomic constraints. There are two different
types of holonomic constraints:

1. Fixed or scleronomic constraints: constraints that do not depend on time.

2. Moving or rheonomic constraints: constraints that depend on time.

7.3.1 Example: Problem 7.4

A particle moves in a plane under the influence of a force f = -Ar“~! directed toward the origin; A and
a are constants. The coordinates used to describe this motion are shown in Fig. 7.1. Choose appropriate
generalized coordinates, and let the potential energy be zero at the origin. Find the Lagrangian equations
of motion. Is the angular momentum about the origin conserved? Is the total energy conserved?

If we choose (r,0) as the generalized coordinates, the kinetic energy of the particle is

T:%m(x2+3}2):%m(f2+r292) (7.13)

Since the force is related to the potential by

oU
we find
A (04
U= ;r (7.15)

where we let U(r = 0) = 0. Therefore, the Lagrangian becomes

1 . A
L:—m(r'2+r262)——r“ (7.16)
2 a

Lagrange’s equation for the coordinate r leads to

Ay

T
o .

P

Figure 7.1: Problem 7.4
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mi—mre% + Ar® 1 =0 (7.17)
Lagrange’s equation for the coordinate 6 leads to

%(mrzé) =0 (7.18)

Since mr?6 = £ is identified as the angular momentum, (7.18) implies that angular momentum is conserved.
Using ¢, we can rewrite (7.17) as

€2
mi———+Ar*1 =0 (7.19)
mr
Multiplying Eq. (7.19) by 7, we have
22
mr - 2 apet Z (7.20)
mr
which is equivalent to
dir L1 df ¢ dJra ,
— | = 2 — | — = 21
dt[Zmr]ert[Zmrz}ert[ar ] 0 (7.21)
Therefore,
2 (T+U)=0 (7.22)
dt B '

and the total energy is conserved.

7.3.2 Example: Problem 7.8

Consider a region of space divided by a plane as shown in Fig. 7.2. The potential energy of a particle in
region 1 is Uy and in region 2 it is U,. If a particle of mass m and speed v in region 1 passes from region 1
to region 2 such that its path in region 1 makes an angle 6, with the normal to the plane of separation and
an angle 6, with the normal when in region 2, show that

sin91 1+ Ul - U2

= 7.23
sir162 Tl ( )

where Ty = (1/2)mv;?,

Let us choose the (x, y) coordinates so that the two regions are divided by the p axis:

ul A y U2

Figure 7.2: Problem 7.8
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Ul x<0
Uz x>0
Since the potential energy is a function of x, the Lagrangian of the particle can be written as
1
L=-m(&*+y%)-U(x) (7.25)
2
Therefore, Lagrange’s equations for the coordinates x and y are
au
mi + dQ(CX) -0 (7.26)
mjj =0 (7.27)
Using the relation
o_d . _dpy dpydx _pydpx
= — = = _—= — .2
TS a T ax At T om dx (7.28)
Eq. (7.26) becomes
pxdpx  dU(x)
Px -0 7.29
m dx | dx ( )
Integrating (7.29) from any point in region 1 to any point in region 2, we find
? pxdp 24U (x)
= xdx+f dx=0 (7.30)
1 m odx 1 dx
2 2
pﬁ—lﬁJrUz—Ul:o (7.31)
2m  2m
or, equivalently,
mel + U1 = mez + U2 (732)
We can rewrite Eq. (7.27) as
d
—my=0 7.33
Y (7.33)
and conclude that myp is constant. Therefore,
my; = my, (7.34)
From (7.34) we have
1 1
—my; = Emy% (7.35)
Adding Eq. (7.32) and Eq. (7.35), we have
L. > Lo 2
Emvl + Ul = Emv2 + U2 (736)
From Eq. (7.34) we also have
mvlsin61 = mvzsinez (737)

Substituting Eq. (7.36) into Eq. (7.37), we find
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. 1/2
sinby _ vy _ [1 SO0 Uz] (7.38)

= T
This problem is the mechanical analog of the refraction of light upon passing from a medium of a certain
optical density into a medium with a different optical density.

sin62 a 1

7.4 Lagrange’s Equations with Undetermined Multipliers

We have seen already a number of examples where one could remove the equations of constraint by a
suitable choice of coordinates. For example, when we looked at the motion of an object on the surface of a
cylinder we could either:

1. Use a set of three coordinates to describe the motion, coupled with one equation of constraint.

2. Use a set of two coordinates (such at the azimuthal angle and the vertical position) to describe the
motion, without an equation of constraint.

In this Section we will look at situations where the constraint depends on the velocity:

f(xa,irxa,i’ t) =0 (7-39)

If the constraints can be expressed in a differential form,

S
9fi
—dq] =0 (740)
we can directly incorporate it into the Lagrange equations:
L d L i
— -0 t)=— = 7.41

It turns out that the forces of constraint can be determined from the equations of constraints and the
Lagrange multipliers A, (f):

Q= ZAk(t)a—f’f (7.42)

where Q; is the j" component of the generalized force, expressed in terms of the generalized coordinates.

The use of Lagrange multiplier to determine the forces of constraints is nicely illustrated in Example
7.9 in the textbook, where a disk rolling down an inclined plane is being studied. If the disk does not slip,
we find that the distance along the plane y and the angle of rotation 6 are related, and the equation of
constraint is

f(®0)=y-RO=0 (7.43)

The textbook explains in detail how the Lagrange equations are solved in this case, and I will not reproduce
this here. The solution shows us that the Lagrange multiplier is given by

Mgsina
3

By combining the equation of constraint and the Lagrange multipliers we can determine the generalized
forces of constraint:

A=-— (7.44)

df _ Mgsina

Qy = A(t) " 3 (7.45)

and
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3 df  MgRsina
Qo = () 55 = 500

Note that these forces of constraint do not have to be all pure forces. The force of constraint associated with
y is the friction force between the disk and the plane that is required to ensure that the disk rolls without
slipping. However, the force of constraint associated with the angle 6 is the torque of this friction force
with respect to the center of the disk. We need to note the generalized force does not have to have the unit
of force.

It is also important to note that if we had chosen to solve the problem by expressing the Lagrangian in
terms of a single coordinate y, by eliminating the angle, we would not have obtained any information about
the forces of constraint. Although I have stressed that in many cases, you can simplify the solution by the
proper choice of coordinates such that the equations of constraint are eliminated, in this case, the solution
will not provide any information about the forces of constraint.

(7.46)

7.4.1 Example: Problem 7.12

A particle of mass m rests on a smooth plane. The plane is raised to an inclination angle 6 at a constant
rate a (6 = 0° at t = 0), causing the particle to move down the plane. Determine the motion of the particle.

This problem is an example of a problem with a velocity-dependent constraint. However, if we can
easily incorporate the constraint into the Lagrangian, we do not need to worry about constraint functions.
In this example, we use our knowledge of the constraint immediately in our expression of the kinetic and
the potential energy. Putting the origin of our coordinate system at the bottom of the plane, as shown in
Fig. 7.3, we find

1 .
L=T-U= Em(r'2+r292)—mgrsin9 (7.47)
O=at;0=a (7.48)
1
L= Em(r'2+a2r2)—mgrsinat (7.49)
Lagrange’s equation for r gives
mi’ = mazr—mgsinat (7.50)
or
#—a’r = —gsinat (7.51)

The general solution is of the form r = ry, + r,, where ry, is the general solution of the homogeneous equation
#—a’r =0 and r, is a particular solution of Eq. (7.51). So

r, = Ae®! + Be @ (7.52)

Figure 7.3: Problem 7.12
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For r,, try a solution of the form r, = C sinat. Then #, = —Ca’sinat. Substituting into (7.51) gives

—Ca’sinat — Ca’sinat = —gsinat (7.53)
g
C=—= 7.54
702 (7.54)
So
r(t) = Ae® + Bt + & _sinat (7.55)
2a2

We can determine A and B from the initial conditions:

r(0)=rp (7.56)
7(0)=0 (7.57)
Equation (7.56) implies:
ro=A+B (7.58)
Equation (7.57) implies:
8
0=A-B+—== 7.59
by (7.59)
Solving for A and B gives:
1 1
e = LA L (7:60
r(t):l[ro—i]eat"r 1 [r0+ g ]e“"t+isinat (7.61)
2 2a? 2 2a? 2a?
or
r(t) = rocoshat + %(sinat—sinhat) (7.62)
2a

Although we have found an analytical solution to this problem, we need to examine if the solution matches
our expectation of the motion of the mass m. The best way to do this is to plot a graph of the motion of
the mass in a Cartesian coordinate system. Consider the situation where ry = 10 m. Figure 7.4 shows the
trajectory of the mass for two different value of a: & = 0.1 rad/s and a = 0.03 rad/s.

7.5 The generalized momentum

One of the big differences between the equations of motion obtained from the Lagrange equations and
those obtained from Newton’s equations is that in the latter case, the coordinate frame used is always a
Cartesian coordinate frame. When we use the Lagrange equations we have the option to choose generalized
coordinates that do not have to correspond to the coordinates of a Cartesian coordinate system.

The generalized coordinates are related to the Cartesian coordinates, and transformation rules allow use
to carry out transformations between coordinate systems. The generalized forces of constraint are related
to the Newtonian forces of constraint, as was illustrated in Example 7.9 in the textbook. The similarities
between the Cartesian and the generalized parameters suggest it may also be useful to consider the concept
of the generalized momentum.

In a Cartesian coordinate system we can easily determine the connection between the Lagrangian and
the linear momentum. The Lagrangian is equal to
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1.0 T T T T
—— alpha = 0.03 rad/s
— alpha =0.01 rad/s
08— -
0.6 -
E
>
04 —
0.2 -
0.0 1 1 | |
0 2 4 6 8 10 12
x (m)

Figure 7.4: Solution of Problem 7.12 with ry = 10 m and & = 0.01 rad/s (blue) and @ = 0.03 rad/s (red)

3
L:T—U:Em Elxl-—U(xi) (7.63)
1=
The Lagrange equation for this Lagrangian is given by

dL dJL QU d JT

- = 7.64
ox; dt dx; ox; dt ox; ( )
and we can rewrite this as
d JT U
— e =——— =F:=mX: = —p; 7.65
dt 89&,- axi i =M dtpl ( )
This last equation suggests that we define the generalized momentum of a particle in the following way:
aT
pi= % (7.66)

It is obviously consistent with our definition of linear momentum in Cartesian coordinates.
Consider a particle moving in a two-dimensional plane and having its motion described in terms of
spherical coordinates. The kinetic energy of the particle is equal to

_lo o 242
T_Em(r +1r°6 ) (7.67)
Since there are two generalized coordinates we can determine two generalized momenta:
aT ,
pr= Frie mr (7.68)
which is the linear momentum of the particle, and
JaT 2,
=—=mr0 7.69
Po =75 (7.69)

which is the angular momentum of the particle. We thus see that two distinct concepts from our introduc-
tory courses emerge directly from our Lagrangian theory.
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7.6 Homogeneous functions

Consider a homogeneous quadratic function f that depends only on the products of the generalized veloci-
ties:

f= Zﬂj,kf?jébc (7.70)
ik
An example of such function would be the kinetic energy of a particle. Consider what happens when we
differentiate this function with respect to one of the generalized velocities:

0
9_3;1 = Zﬂj,z%‘ + Zﬂl,kf?k (7.71)
7 x

If we multiply this equation by dq;/dt and sum over all values of | we obtain:

Z‘haql ZQZ[Z ]zq,+Zaquk]—Z ]lq]ql+Zalquql ZZ ajrqjdr = 2f (7.72)

In general, if f is a homogeneous function of the parameter y;”, then
. d
qua—f =nf (7.73)
A 9k

7.7 Conservation of Energy

If we consider a closed system, a system that does not interact with its environment, then we expect that
the Lagrangian that describes this system does not depend explicitly on time. That is

%
ot

Of course, this does not mean that dL/dt = 0 since

dL )
Zaq %t Zaq i at Zaq 95+ Zaqk (7.75)

Using the Lagrange equations shown in Eq. 7.3, we can rewrite this equation as

dL ) . _
dt Z ]dt(aq ) Zaqkqj Zdt (‘I; 8q ) (7.76)
j

This equation can be written as

=0 (7.74)

d J
E[L ]Z(q'] aqL )] 0 (7.77)

or

. dL
L- Z(q]a—q]) = constant = —H (7.78)
j

The constant H is called the Hamiltonian of the system and the Hamiltonian is defined as

H= Z(q] 5 ) (7.79)
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The Hamiltonian H is a conserved quantity for the system we are currently considering. Since T is a
homogeneous function of order 2, we know that

8T)
JZ( 194
and thus

Z(@j—é):JZ(% 7 ) ]Z(qfaq]) (7.81)

]

Using this relation, we can rewrite Eq. 7.79 as
H= Z(qfa ) L=2T—(T-U)=(T+U)=E (7.82)

In this case, we find that the Hamiltonian of the system is equal to the total energy of the system, and we
thus conclude that the total energy is conserved. The equality of H and E is only satisfied if the following
conditions are met:

1. The potential U depends only on position, and not on velocity.

2. The transformation rules connecting Cartesian and generalized coordinates are independent of time.

The latter condition is not met in for example a moving coordinate system. In such a system, the Hamil-
tonian will not be equal to the total energy. We thus conclude that if the Lagrangian of a system does not
depend explicitly on time, the total energy of that system will be conserved.

7.7.1 Example Problem 7.22

A particle of mass m moves in one dimension under the influence of a force F:

F(x,t) = %e*“/f) (7.83)

where k and 7 are positive constants. Compute the Lagrangian and Hamiltonian functions. Compare the
Hamiltonian and the total energy and discuss the conservation of energy for the system.

The potential energy U corresponding to this force F must satisfy the relation

oU
oY 7.84
5 (7.84)
and U must thus be equal to
k
U=-=¢" (7.85)
x
Therefore, the Lagrangian is
1 k
L=T-U-= mez—;e—”f (7.86)
The Hamiltonian is given by
JdL 1 k 1 k
H=px-L= xa —L=mi’- (mez - ;e‘t/r) = mez + ;e‘t/r (7.87)

so that

Page 11



PHY 235, Classical Mechanics Chapter 7

2
Px k —t/T
H=—+- 7.88
2m * xe ( )

The Hamiltonian is equal to the total energy, T + U, because the potential does not depend on velocity, but
the total energy of the system is not conserved because H contains the time explicitly.

7.8 Conservation of Linear Momentum

The Lagrangian should be unaffected by a translation of the entire system in space, assuming that space
is homogeneous (which is one of the requirement of an inertial reference frame). Consider what happens
when we carry out an infinitesimal displacement of the coordinate system along one of the coordinate axes.
The change in the Lagrangian as a result of this displacement must be equal to zero:

i JdL JdL
OL==—06x;+=—0%; =0 7.89
axi xl+8x,~ Ai ( )
We can rewrite this equation as
0L = =—0xj+ =—0X; = =—0xj + =— i|==—06x;=0 7.90
ox; XI+8X1' Ai axi x’+8xi dt x axi Xi ( )

Since the displacement is arbitrary, this equation can only be correct if

JL. oL . dL 8L(£16 )_ oL

JdL
=—=0 7.91
ox; (7.91)
Using the Lagrange equation this is equivalent to requiring
d JdL
—=—=0 7.92
dt dx; ( )
or
JdL
—— = constant (7.93)

o%;
Assuming that the potential U does not depend on velocity we see that this relation is equivalent to
L HNT-U) dT 9 ((mx;)?\ 2m?%;
dx;  dx; 0% o%; B
The consequence of the independence of the Lagrangian under a translation of space is that linear momen-
tum is conserved.

> = mx; = p; = constant (7.94)
m

7.9 Conservation of Angular Momentum

Space is an inertial reference frame is isotropic, which means that the properties of a system are unaffected
by the orientation of the system. In this case we expect that the Lagrangian does not change when the
coordinate axes are rotated through an infinitesimal angle. A rotation through such an angle produces the
following change in the position vector:

Or =00 x7 (7.95)
The velocity vector will change in the same way:
or =00 x7 (7.96)

The Lagrangian should not change as a result of such a transformation. Thus we must require that
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1 1

§ JL JL _ .\ _ d oL o .\ _ o
OL—Z’(Q—Xiéxi'i‘a—xiéxl‘)—Z{(Ea—xi)éxz-i-a—xiéxl}—Z(p,éx,-f—p,éx,)—o (7.97)

We thus conclude that

p-OT+p-6r=0 (7.98)
When we express the changes in terms of the rotation angle we obtain:
—_ c _ —_ A - =y - —_ _ —_ c d — —_
p-(b@xr)+p-(66xr):é@-[rxp+r><p]:66- E(rxp) =0 (7.99)
Since the angle of rotation was an arbitrary angle, this relation can only be satisfied if
d (rxp)=0 (7.100)
at' P '
or
7xp =L = constant (7.101)

The angular momentum of the system is thus conserved. This conserved quantity is a direct consequence
of the invariance of the Lagrangian for infinitesimal rotations. We conclude that the important conserved
quantities are a direct consequence of the properties of space (and its symmetries).

7.10 Canonical Equations of Motion

The Lagrangian we have discussed in this Chapter is a function of the generalized position and the gener-
alized velocity. The equations of motion can also be expressed in terms of the generalized position and the
generalized momentum. The generalized momentum is defined as

JL
i == 7.102
We can use the generalized momentum to rewrite the Lagrange equations of motion:
d JdL JdL
S S 7.103
dtog; "' g, (7:103)
The Hamiltonian can also be expressed in terms of the generalized momentum
. JL .
H:]qua_qj_L_]qupj—L (7.104)

In general, we will write the Hamiltonian in terms of the generalized position and the generalized momen-
tum . The change in H due to small changes in time and in the generalized position and momentum is
equal to

(7.105)

B . . _aL oL 7. \_ L, _
:Z]
=

Y (q'jdpj +pjdd; - 5idaj —deq'j)— grdt =
. JL IL g4 _
(qfdpf—a—qjd%)—mdt—

(4

i(djdp;—pjda;) - Ged

The change in H can also be expressed in the following way:
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dH = Z(aH dq]) %I;Idt (7.106)

After combining the last two equations we obtain the following relation:

oH BH oH . . JL
§ (ap dp * 90, dq;) 54t = 2,- (djdpj - pjda;) = 5 dt (7.107)
or
JH . oH . JH oL _
Z ({%_qj}dpj+{9_%+pj}dqj)+{ ot 9t}dt 7108

]

Since the variations in time and the generalized position and momenta are independent, the coefficients of
dq;, dp;, and dt must be zero. Thus:

oH

2 4i=0 (7.109)
JH

v pi=0 (7.110)
oH JL

The first two equations are called Hamilton’s equations of motion or the canonical equations of motion.
Note:

1. For each generalized coordinate, there are two canonical equations of motion.
2. For each generalized coordinate, there is one Lagrange equation of motion.
3. Each canonical equation of motion is a first-order differential equation.

4. Each Lagrange equation of motion is a second-order differential equation.

Although first-order differential equations are in general easier to solve than second-order differential equa-
tions, the Hamiltonian is often more difficult to construct than the Lagrangian since we must express the
Hamiltonian in terms of the generalized position and the generalized momentum.

7.10.1 Example: Problem 7.38
The potential for an anharmonic oscillator is U = kx?/2 + bx*/4 where k and b are constants. Find Hamil-

ton’s equations of motion.

The Hamiltonian of the system is

1 (dx kx> bx*  p?  kx?  bx*
H=T+U= ‘"’(dt)+7+T—ﬁ+T+T (7.112)

The Hamiltonian motion equations that follow this Hamiltonian are

dx JH p
dp oH
— =5 = ~(kx+bx%) (7.114)
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7.10.2 Example: Problem 7.28.

A particle of mass m is attached to a force center with a force of magnitude k/r?. Use polar coordinates and
find Hamilton’s equations of motion.

The force F that is provided fixed the potential U:

U:—é (7.115)

The Lagrangian, expressed in polar coordinates, is thus equal to
1 . k
L=T-U=—m(i*+r?0%)+= (7.116)
2 r

In order to use Hamilton’s equations of motion we must express the Hamiltonian in terms of the generalized
position and momentum. The following relations can be used to do this:

_JdL . p,
pr—y—mrﬁr—z (7117)
JdL . .
Po = E7 =mr’0 =6 = —TZZ (7.118)

Since the coordinate transformations are independent of ¢, and the potential energy is velocity-independent,
the Hamiltonian is the total energy.

i o (7.119)
_1 Pr 2_P k _ Pr P k
- 7m[m2 tr m29r4:| r=om T 2er2 T
Hamilton’s equations of motion can now be found easily
H
po 20 _pr (7.120)
dp, m
. JH
6= _ Po_ (7.121)
dpg  mr?
OH pp k
, __9H _ Pp Kk 7.122
Pr dr  mrd  r? ( )
, JH
Po :—% =0 (7123)

7.10.3 Example: Problem 7.24.

Consider a simple plane pendulum consisting of a mass m attached to a string of length £. After the
pendulum is set into motion, the length of the string is shortened at a constant rate:

% = —a = constant (7.124)

The suspension point remains fixed. Compute the Lagrangian and Hamiltonian functions. Compare the
Hamiltonian and the total energy, and discuss the conservation of energy for the system.

The kinetic energy and the potential energy of the system are expressed as

T:%m(€2+€292):%m(a2+€292) (7.125)
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U = -mglcosO (7.126)
The Lagrangian is equal to
1 .
L=T-U-= Em(a2+€262)+mg€c059 (7.127)
The Hamiltonian is
H= Q—L—@Q—L— p?, —lmaz—m {cosf (7.128)
TP TR 06T T T ame 2 g '

which is different from the total energy, T + U. The total energy is thus not conserved in this system because
work is done on the system and we have

%(T+U)¢O (7.129)

NOTE: WE WILL SKIP SECTIONS 7.12 AND 7.13 IN THE TEXTBOOK.
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