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Useful Relations 
 

A • B = AxBx + AyBy + AzBz  
 

C = A × B =
x̂ ŷ ẑ
Ax Ay Az
Bx By Bz

 

 
A • B ×C( ) = B • C × A( ) = C • A × B( )  

 
A × B ×C( ) = A •C( )B − A • B( )C  

 
A × B( )• C × D( ) = A • B × C × D( )⎡⎣ ⎤⎦  

 
A × B( )× C × D( ) = A × B( )•D⎡⎣ ⎤⎦C − A × B( )•C⎡⎣ ⎤⎦D  
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One-Electron Atoms – Details 
 

The following table lists the n = 1, n = 2, and n = 3 wavefunctions of the one-electron atom. 
 

 
 
In these wavefunctions, the parameter a0 is defined as 

 

 
 

The energy of each wavefunction is equal to 
 

 
 

 
  

 
a0 =

4πε0
2

µe2

 
En = −

µZ 2e4

4πε0( )2 22n2
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Planck’s quantization rule: 
 

ε = nhν n = 0,1,2,3,...  
 

Stephan’s law: 
 

RT = σT 4  
 

Rayleigh-Jeans formula for blackbody radiation: 
 

ρT ν( )dν =
N ν( )dν

V
kT =

8πν 2kT
c3

dν  

 
Planck’s blackbody formula: 

 

ρT λ( )dλ =
8πhc
λ5

dλ
ehc /λkT −1

 

 
Relativistic total energy: 

 

 
 

Compton scattering: 
 

 
 

 
 

Photon intensity as function of thickness: 
 

I t( ) = I 0( )e−σρt  
 

Bragg relation: 
 

 
 

  

E = pc( )2 + mc2( )2

λ f − λi =
h
mc

1− cosθ( ) = λC 1− cosθ( )

E f =
Ei

1+
Ei
mc2

1− cosθ( )

2d sin ϕ( ) = nλ
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Electromagnetic wave: 
 

 

 
The intensity of an electromagnetic wave is proportional to the average of e2 over one cycle: 

 

 

 
de Broglie relation: 

 

 

 
de Broglie wave 

 

 

 
Heisenberg uncertainty principle: 

 

 

 

 
 

Node velocity of the high-frequency component: 
 

node velocity =
dx
dt

=
ν
κ
=ω  

 
Node velocity of the envelope (group velocity): 

 

node velocity =
dx
dt

=
dν
dκ

 

 
  

ε x,t( ) = Asin 2π x
λ
− vt⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

I = 1
µ0c

ε 2

λ =
h
p

Ψ x,t( ) = Asin 2π x
λ
− vt⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

 
ΔpxΔx ≥


2

ΔEΔt ≥ !
2
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Rutherford scattering: 
 

 
 

Energy of an electron in an atom: 
 

 
E = −

1
4πε0

⎛
⎝⎜

⎞
⎠⎟

2 µ Ze2( )2
2n22

1+ α 2Z 2

n
1
nθ

−
3
4n

⎧
⎨
⎩

⎫
⎬
⎭

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
 

 
Wilson-Sommerfeld quantization rule: 

 
 

 
Schrödinger equation: 

 

 
 

Schrödinger equations for time-independent potentials: 
 

 
 

 
 

Probability distribution: 
 

 
 

Expectation values: 
 

 
 

 

dσ
dΩ

= 1
4πε0

⎛

⎝⎜
⎞

⎠⎟

2
Z1Z2
E

⎛
⎝⎜

⎞
⎠⎟

2
1

sin4 θ
2

⎛
⎝⎜

⎞
⎠⎟

 
pq dq

One period
∫ = nqh

− !
2

2m
∂2Ψ
∂x2

+VΨ = i! ∂Ψ
∂t

− !
2

2m
∂2ψ x( )
∂x2

+V x( )ψ x( )= Eψ x( )

i!
∂ϕ t( )
∂t

= Eϕ t( )

P x ,t( )=Ψ*Ψ

x = Ψ x Ψ = Ψ*xΨdx
−∞

∞

∫

p = −i! ∂
∂x
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Uncertainty in operator O: 
 

 
 

Solutions of the time-independent Schrödinger equation for a free particle (E > V): 
 

 
 

Solutions of the time-independent Schrödinger equation for a free particle (E < V): 
 

 
 

Reflection coefficient: 
 

 
 

Transmission probability through a Coulomb barrier V: 
 

 
 

Three-dimensional Schrödinger equation for a single-particle system: 
 

 
 

where 
 

 
 

Solution of the three-dimensional Schrödinger equation: 
 

 
 

E = i! ∂
∂t

ΔO = O2 − O
2

ψ x( )= Aeikx +Be− ikx

ψ x( )=Ceκ x +De−κ x

R = B
*B
A*A

T ! e
−2 2m

"2
V r( )−E( )drR

b
∫

=e
−2 2m

!2
1

4πε0
Z1Z2e

2

r
−E

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
dr

R

b
∫

− !
2

2µ∇2ψ +Vψ = Eψ

∇2 = 1
r2

∂
∂r

r2 ∂
∂r

⎛
⎝⎜

⎞
⎠⎟
+ 1
r2sinθ

∂
∂θ

sinθ ∂
∂θ

⎛
⎝⎜

⎞
⎠⎟
+ 1
r2sin2θ

∂2

∂ϕ2

ψ nlm r ,θ ,ϕ( )= Rnl r( )Θlm θ( )Φm ϕ( )
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Wavefunction for a single-electron atom: 
 

 
 

Energy without the spin-orbit interaction and relativistic interactions considered: 
 

 
 

Energy with the spin-orbit interaction and relativistic interactions considered: 
 

 
 

Angular momentum operators: 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

ψ nlm r ,θ ,ϕ( )= Rnl r( )Θlm θ( )Φm ϕ( )

E = − µZ2e4

2 4πε0( )2!2n2

E = − µZ2e4

2 4πε0( )2!2n2
1+α

2Z2

n
1
j + 12

− 3
4n

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Lx = −i! sinϕ ∂
∂θ

+ cotθ cosϕ ∂
∂ϕ

⎧
⎨
⎩

⎫
⎬
⎭

Ly = −i! −cosϕ ∂
∂θ

+ cotθ sinϕ ∂
∂ϕ

⎧
⎨
⎩

⎫
⎬
⎭

Lz = −i!
∂
∂ϕ

L2 = −!2 1
sinθ

∂
∂θ

sinθ ∂
∂θ

⎛
⎝⎜

⎞
⎠⎟
+ 1
sin2θ

∂2

∂ϕ2
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

L+ = Lx + iLy

L− = Lx − iLy

L2ψ = ℓ ℓ+1( )!2ψ

Lzψ =m!ψ
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Dipole moment of electron: 
 

 
 

where 
 

 
 

Torque on a dipole in a magnetic field: 
 

 
 

Potential energy of a dipole in a magnetic field: 
 

 
 

Energy shift of the electron in a single-electron atom due to the magnetic field generated by the 
proton: 

 

 
 

Total angular momentum: 
 

 
 

  

Lx ,Ly⎡⎣ ⎤⎦ = i!Lz

Ly ,Lz⎡⎣ ⎤⎦ = i!Lx

Lz ,Lx⎡⎣ ⎤⎦ = i!Ly

L+ ,Lz⎡⎣ ⎤⎦ = −!L+

L− ,Lz⎡⎣ ⎤⎦ = +!L−

!
µ = −

g
ℓ
µb
#

!
L

µb =
e!
2m Bohr	magneton( )

!
τ =
!
µ ×
!
B

U = −
!
µ i
!
B

ΔE = 1
2m2c2

1
r
dV
dr
!
S i
!
L( )

!
J =
!
L +
!
S
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The total angular momentum is quantized: 
 

 
 

and 
 

 
 

The rate of photon emission: 
 

 
 

where p is the dipole moment, defined as: 
 

 
 

Transition rules for one-electron atoms: 
 

 
 

 
 

 
 

Slater determinant (used to construct asymmetric wavefunctions); 
 

 
 

Spin singlet state: 
 

 
 

  

J = j j +1( )!

Jz =mj! where	mj = − j ,− j +1,...., j −1, j

R = 4π
3ν 3

3ε0!c3
p2

!
p = −e

!
r

Δm
ℓ
=0,±1

Δl =±1

Δj =0,±1

ψA =
1
N!

ψ
α
1( ) ψ

α
2( ) . .

ψ
β
1( ) ψ

β
2( )

.

.

ψA ,spin =
1
2 2 +

1
2 ,−

1
2

⎛

⎝
⎜

⎞

⎠
⎟− −

1
2 ,+

1
2

⎛

⎝
⎜

⎞

⎠
⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
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Spin triplet states: 
 

 
 

Multi-electron wavefunction: 
 

 
 

The modified potential for a multi-electron atom: 
 

 
 

• For the innermost shell (n = 1): Zn = Z – 2. 
• For the next shell (n = 2): Zn = Z – 10. 
• For the outermost shell: Zn = n. 

 
Energy of the innermost electron in a multi-electron atom: 

 

 
 

Energy of the outermost electron in a multi-electron atom: 
 

 
 

Average radius of electrons in the outermost shell of a multi-electron atom: 
 

 
 

  

ψS ,spin =

+
1
2 ,+

1
2

⎛

⎝
⎜

⎞

⎠
⎟

1
2 2 +

1
2 ,−

1
2

⎛

⎝
⎜

⎞

⎠
⎟+ −

1
2 ,+

1
2

⎛

⎝
⎜

⎞

⎠
⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

−
1
2 ,−

1
2

⎛

⎝
⎜

⎞

⎠
⎟

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

ψmulti−electron =ψspatialψspin

Vn r( )=−
1

4πε0
Zne

2

r

E1 = Z −2( )2E1,H

En =E1,H

r =na0
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In terms of increasing energy, the sub-shells of multi-elecron atoms are arranged in the following 
way: 

 
1s, 2s, 2p, 3s, 3p, 4s, 3d, …. 

 
Fine structure in Alkali atoms: 

 

 
 

Lande interval rule: 
 

 
 

Transition rules for optical electrons: 
 

1. Transitions involve the change of n and  number of one electron.  Transitions between 
states that require the change in quantum numbers of more than one electron are extremely 
unlikely to be observed. 

 
2. The change in  of the electron involved in the transition satisfies the following relation: 

. 
 
3. Changes in 

 
satisfy the following rules: 

 
 

Zeeman effect: 
 

 
 

  

ΔE = !2

2m2c2
j j+1( )−ℓ ℓ+1( )− s s+1( ){ }1r

dV
dr

ε j+1→ j =2k j+1( )

 ℓ

 ℓ

 Δℓ = ±1

s12 ,ℓ12 , j12 , 	and	mj12

Δs12 =0
Δℓ12 =0,±1
Δj12 =0,±1 (but	not	j12 =0	to	j12 =0)
Δmj12

=0,±1 (but	not	mj12
=0	to	mj12

=0	when	Δj12 =0)

ΔE =−µ iB =µbBgmj
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Landé g factor: 
 

 
 

Magnetic moment: 
 

 
 

Characteristic temperature: 
 

 
 

Boltzmann distribution: 
 

 
 

Bose distribution: 
 

 
 

Fermi distribution: 
 

 
 

Average energy of the bosons in a Bose condensate: 
 

 
 

Average energy of the fermions in a Fermi gas: 
 

 
 

 

g=1+
j j+1( )+ s s+1( )−ℓ ℓ+1( )

2 j j+1( )

µ =µL +µS =−
µb
!

Ltot +2Stot{ }

θ =
hνmax
k

n ε( )= Ae−ε/kT

n ε( )= 1
eαeε/kT −1

n ε( )= 1
eαeε/kT +1

=
1

e ε−ε f( )/kT +1

ε ≈
3
2kT 1− 1

25/2
e−α

⎧
⎨
⎩

⎫
⎬
⎭

ε ≈
3
2kT 1+ 1

25/2
e−α

⎧
⎨
⎩

⎫
⎬
⎭
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Electric quadrupole moment: 

 

 
 

Serber potential: 
 

 
 

  

q= ρ x , y ,z( ) 3z2− x2+ y2+z2( )( )dz∫

VSerber =
1
2V r( ) 1+ −1( )ℓ⎛

⎝
⎜

⎞
⎠
⎟
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Isospin for nucleons: 
 
Protons and neutrons are isospin ½ particle. 
 

 
 

 
 

Particle families: 
 
Baryons: composite particles with three quarks. 
 
Mesons: composite particles with a quark – anti-quark pair. 
 
Leptons: elementary particles. 
 
Baryon number is a conserved quantity. 
 
The electron lepton number, the muon lepton number, and the tau lepton number are 
conserved quantities 
 

Electric charge: 
 

 
 

  

Tz =
1
2 for	protons

Tz =−
1
2 for	neutrons

Q=Tz +
1
2 B+S+C+β +τ( )
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Important additional information 
 
Best baseball team in the USA: 

 
Yankees 

 
 
Best soccer team in the world: 

 
AJAX 

 
 
Best airline in the world: 

 
KLM (Koninklijke Luchtvaart Maatschappij = Royal Dutch Airlines) 

 
If in doubt, the correct answer may be: 

 
Yankees, AJAX, the Netherlands, or KLM. 
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