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One-Electron Atoms — Details

The following table lists the n = 1, n =2, and n = 3 wavefunctions of the one-electron atom.

Table 7-2 Some Eigenfunctions for the One-Electron Atom

Quantum Numbers
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In these wavefunctions, the parameter a, is defined as

dre h’
a, = >
Uue
The energy of each wavefunction is equal to
720
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Planck’s quantization rule:
& =nhv n=0,1,2,3,...
Stephan’s law:
R, =oT"
Rayleigh-Jeans formula for blackbody radiation:

2
o, (V)dv = N(\‘//)dv T = 87rv3kT
C

dv

Planck’s blackbody formula:

_8mhe  dA

5 hel AkT
Y/ R |

pr (A)dA
Relativistic total energy:
E= (pc)2 + (m02 )2
Compton scattering:

A, -1 =i(1—cos0)=/lc(1—cos(9)

mc

E.
E =
1+mc"2(1—cost9)

Photon intensity as function of thickness:

Bragg relation:
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Electromagnetic wave:

g(x,t)= Asin{Zn(% —~ vtj}

The intensity of an electromagnetic wave is proportional to the average of € over one cycle:

1 —_—
[=—2¢
Hoc

de Broglie relation:

de Broglie wave

P (x,1)= Asin{Zn’(% - w)}

Heisenberg uncertainty principle:

h
Ap Axs 2
Prt =5

X

aEAr>
2

Node velocity of the high-frequency component:

. dx v
node velocity = —=—=w
d «

Node velocity of the envelope (group velocity):

. dx dv
node velocity = — = —
dt dx
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Rutherford scattering:

2 2
do | 1 AVA 1
dQ \4me, | E ) ., ( 0]
sin”| —
2
Energy of an electron in an atom:

2
1 Yu(ze) [ w22 (1 3
E=- 1+ -
dre, ) 2n°h n |n, 4n

Wilson-Sommerfeld quantization rule:

Cﬁ p,dq=nh
One period
Schrodinger equation:
2 N2
LA SOV
2m ox* ot

Schrodinger equations for time-independent potentials:

B2 0y x
—ﬁ%w(x)‘/’(x):m/’(")
_ dolt
Ih#:EQ)(t)
Probability distribution:
P(xt)=¥"¥

Expectation values:

(x)= <lP\x|\P> = [ w'xwax

(o)=(-n2-)
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Uncertainty in operator O:

20={0*)-(o)

Solutions of the time-independent Schrodinger equation for a free particle (E > V):
t//(x) = Ae™ +Be ™

Solutions of the time-independent Schrodinger equation for a free particle (E < V):
t//(x) =Ce" +De™

Reflection coefficient:

Transmission probability through a Coulomb barrier V:

Zm 2 me 1 ZZE‘
R h2 h2 dme, T

Three-dimensional Schrodinger equation for a single-particle system:

hZ
~—Vw+Vy =Ey
2u

where

L 19(,9) 1 A .a) 1 @
v T For d or +r 25in@ 00 Smeae r’sin®6 dp*
@

Solution of the three-dimensional Schrodinger equation:

Vun(r0.0)=R, (r)®,,(6)2,(¢)
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Wavefunction for a single-electron atom:
Wnlm (r,@,(o) = Rnl (I")@[m (O)q)m (q))
Energy without the spin-orbit interaction and relativistic interactions considered:

uz'e*

E=e—rr—
2(471’80) h*n®

Energy with the spin-orbit interaction and relativistic interactions considered:

Angular momentum operators:

L =—ih sin(pi+ cot(9cosg0i
* 20 0

Ly = —ih{—cosgo%Jrcothin(pi}

el
L =—ih->
z aq)
2
I=-h’ Li sin9i - J
sinf 00 90 ) sin’0 0¢’
L =L +iL,
L =L -iL,

Ly = €(£+ 1)h2w

Ly =mhy
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Dipole moment of electron:

where
M, = eh (Bohr magneton)
m

Torque on a dipole in a magnetic field:
T=[ixB
Potential energy of a dipole in a magnetic field:

U=—[i-B

Energy shift of the electron in a single-electron atom due to the magnetic field generated by the
proton:

1 1dViz -
AE = ——|SeL
2m’c* r dr ( )
Total angular momentum:
J=L+5
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The total angular momentum is quantized:
J=\ili+1)n
and
], = mjh where m, = —j—j+1,..,j-1,j

The rate of photon emission:

3.,3

R— 4rve
3¢ hic?
where p is the dipole moment, defined as:
p=-—er
Transition rules for one-electron atoms:
Am,=0,x1
Al==+1
Aj=0,+1

Slater determinant (used to construct asymmetric wavefunctions);

Spin singlet state:

- 10 -
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Spin triplet states:

Multi-electron wavefunction:

I‘Umulti—electron = wspatialwspin

The modified potential for a multi-electron atom:

1 Ze
V(r)=_4ﬂ'€0 r

e For the innermost shell (n=1): Z =Z - 2.
e For the next shell (n=2): Z, =Z-10.

e For the outermost shell: Z, = n.
Energy of the innermost electron in a multi-electron atom:
E,=(z-2)E
1 \“7 1H
Energy of the outermost electron in a multi-electron atom:

E =E

n 1,H

Average radius of electrons in the outermost shell of a multi-electron atom:

r =na0

- 11 -
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In terms of increasing energy, the sub-shells of multi-elecron atoms are arranged in the following

way:
1s,2s,2p,3s,3p,4s,3d, ....

Fine structure in Alkali atoms:

AE = zﬁ;z {j(j+1)—£(€+1)—s(s+1)}%‘2—‘:

Lande interval rule:

=2k(j+1)

€ Jjl—=j
Transition rules for optical electrons:

1. Transitions involve the change of n and ¢ number of one electron. Transitions between
states that require the change in quantum numbers of more than one electron are extremely

unlikely to be observed.

2. The change in ¢ of the electron involved in the transition satisfies the following relation:
Al =<1,

3. Changes in

Sl Jiy and m,

]
12 12

satisfy the following rules:
As =0
Al =0,x1
Aj,,=0,x1 (butnotj,=0toj  =0)
Amj12 =0,+1 (butnot m, = 0to m, = 0 when Aj, =0)

Zeeman effect:

AE =—ﬁ-§=,ungmj

- 12 -
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Landé g factor:

j(j+1)+s(s+1)—€(€+1)
2j(j+1)

g=1+
Magnetic moment:

a=p,+i=-"2{L,+25,}

Characteristic temperature:

Boltzmann distribution:

Bose distribution:

Fermi distribution:

n(g) B 1 B 1
et e(f'ff)/” +1

Average energy of the bosons in a Bose condensate:

- 13 -
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Table 11-1 Comparison of the Three Distribution Functions

Boltzmann Bose Fermi
Basic Applies to dis- Applies to indis- Applies to indis-
characteristic tinguishable tinguishable tinguishable
particles particles not particles obeying
obeying the the exclusion
exclusion principle principle
Example of system | Distinguishable Bosons—identical Fermions—identical
particles, or particles of zero particles of odd
approximation to or integral spin half integral spin
quantum distri-
butions at & » kT
Eigenfunctions of | No symmetry Symmetric under Antisymmetric under
particles requirements exchange of particle exchange of particle
labels labels
1 1
Distribution Ae~CIT — —
T _ (E—Er)kT
function ee 1 e" T +1
Behavior of distri- | Exponential For & » kT, expo- For & » kT, expo-
bution function nential nential where
versus §/kT For & « kT, lies & » &
above Boltzmann If & » kT, decreases
abruptly near éf
Specific problems | Gases at essentially ~ Photon gas (cavity Electron gas
applied to in this any temperature; radiation); phonon (electronic specific
chapter modes of vibration gas (heat capacity); heat, contact poten-
in an isothermal liquid helium tial, thermionic
enclosure emission)

Electric quadrupole moment:

Serber potential:

q=fp(x,y,z)(322—(x2+y2+zz))dz

v, - %V(r)(1+(—1)€)

- 14 -
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Isospin for nucleons:

Protons and neutrons are isospin % particle.

T=

z

for protons

N |-

TZ = —% for neutrons

Particle families:

Baryons: composite particles with three quarks.
Mesons: composite particles with a quark — anti-quark pair.
Leptons: elementary particles.

Baryon number is a conserved quantity.

The electron lepton number, the muon lepton number, and the tau lepton number are
conserved quantities

Electric charge:

Q=TZ+%(B+S+C+/3’+1:)

- 15 -
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Table 17-3. Applicability of the Conservation Laws to the Observed Interactions
(“‘yes’ Means Conserved; ‘'no’”’ Means Not Conserved)

Quantity Electro-

Conserved Strong magnetic Weak
Energy yes yes yes
Linear momentum yes yes yes
Angular momentum yes yes yes
Charge yes yes yes
Electronic lepton number yes yes yes
Muonic lepton number yes yes yes
Tauonic lepton number yes yes yes
Baryon number yes yes yes
Isospin magnitude yes no no (AT = 1/2 for nonleptonic)
Isospin z component yes yes no (AT, = 1/2 for nonleptonic)
Strangeness yes yes no(AS=1)
Parity yes yes no
Charge conjugation yes yes no
Time reversal (or CP) yes yes yes (But 10~ 3 violation in K° decay)

Elementary
Particles

ujci|t
up { charm |
dis|
s down strange} bottom

Ve [V | Wx
electron§ muon tau_
s neutrinodl neutrino § neutrino

ejn| T

electron§ muon tau

| | ]
Three Families of Matter

o

Leptons Quarks
Force Carriers

- 16 -
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Baryons qqq and Antibaryons qqq

Baryons are fermionic hadrons.
There are about 120 types of baryons.

Quark Electric  Mass S
content charge GeV/c2 P

Symbol Name

proton

anti-
proton

neutron

lambda

omega

Mesons qq

Mesons are bosonic hadrons.
There are about 140 types of mesons.

Quark Electric Mass

Symbol Name “ . charge GeV/c?

Spin

- 17 -
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Important additional information
Best baseball team in the USA:

Yankees

Best soccer team in the world:

AJAX

Best airline in the world:
KLM (Koninklijke Luchtvaart Maatschappij = Royal Dutch Airlines)

If in doubt, the correct answer may be:

Yankees, AJAX, the Netherlands, or KLM.

- 18 -
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A Mathematical Formulas

A-1 Quadratic Formula

If ax*+bx+c =0

b _ —bi
en x = 2a

b — 4ac

A-2 Binomial Expansion

-1 -1 -2
(1xx)" = 1Lt nx + nln )x2 + G X )x3 + e
2! 3t
B g .y_)"=n EAN U
(x +y) x(1+x x l+"x+ T x2+

A-3 Other Expansions

JER
x - 2+ 2
et = 1+x+2!+3!+
2 B2 x
+x) = x-=+=-=+
In(1 + x) x-3 3 m
e
sing = 6 — 3 + 5
A
cosf = 1 — '2—" + ’:1'" -
& 2 k4
=0+ =+ — . < =
tan = 6 T & + 16 >
df d*f\ x*
: = +l=]x+(=5) =+~
(n general:  f(x) f(0) (dx)ox (dx2 .2
A-4 Exponents
(an)(am) = ghtm l -
(a")(6") = (ab)" W
( ”)m - a'a . =a =1
a = a 1
a? = Va
A—5 Areas and Volumes
Object Surface area Volume
Circle, radius r wr? —
Sphere, radius r azr? $wr’
Right circular cylinder, radius , height A 2mr? + 2mrh wrih
Right circular cone, radius r, height 4 wr? + an\/r’ + h? Lwrth

- 26

A-1



Physics 237

Equation Sheets

FIGURE A-5
FIGURE A-6
First Quadrant Second Quadrant
(0° 10 90°) (90° to 180°)
x>0 x<0
y>0 y>0

sin 8 = y/r>0 sin 6>0
cos 0 =x/r>0 cos 8<0
tan 0 = y/x>0 tan 6<0
Third Quadrant Fourth Quadrant
(180° to 270°) (270° 10 360°)
x<0 x>0
y<0 y<0

ANWEN

FANE
Ty ¥

sin 6<0 sin 6<0

cos 8<0 cos8>0

tan >0 tan f<0
FIGURE A-7

A-4 APPENDIX A

A-8 Vectors

Vector addition is covered in Sections 3-2 to 3-5.
Vector multiplication is covered in Sections 3-3,7-2, and 11-2.

The trigonometric functions are defined as follows (see Fig. A-5, o0 = side opposil
a = side adjacent, & = hypotenuse. Values are given in Table A-2):

. o 1 h

sme—’l cscﬂ—sino—o

a 1 h

cosf = h secd = o0 _ @

0o sin @ 1 a

1 = - = = e— -

an 8 a cos 6 coté tan @ (/]

and recall that

P+ =K [Pythagorean theorem).

Figure A-6 shows the signs (+ or —) that cosine, sine, and tangent take on for
angles @ in the four quadrants (0° to 360°). Note that angles are measured coun-

terclockwise from the x axis as shown; negative angles are measured from below

the x axis, clockwise: for example, —30° = +330°, and so on. o
The following are some useful identities among the trigonometric functions: =

sin?@ + cos?8 = 1

sec? — tan’8 = 1, csc?@ — cot?d = 1
sin20 = 2sinfcosd .
c0s20 = cos?d — sin?@ = 2cos?f —1 = 1 — 2sin®h.

2tané

1 - an’e

sin(A+ B) = sinAcos Bt cosAsinB

cos(A+ B) = cos Acos BFsin AsinB

tan20 =

tan A + tan B
tan(4%B8) = 1T tanAtan B
sin(180° — @) = siné
cos(180° — 8) = —cosé
sin(90° — #) = cos@
cos(90° — 9) = sind
sin(—8) = -siné
cos(—8) = cos@
tan(—0) = —tané :
sin}o = \/—_1_-_;_05_0 N R
sinAt sinB = 25in(A§B) cos(A i B).

For any triangle (see Fig. A-7):
sina sinf _ sinY
a b ¢
¢ = a* + b* — 2abcos?.

Values of sine, cosine, tangent are given in Table A-2.

[Law of sines]

I

[Law of cosines]
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A-6

Derivatives and Integrals

Derivatives: General Rules

(See also Section 2-3.)

“w_
dx
%[ﬂf(x)] = ﬂi—g [a = constant]
d -4, d
a U+ g() = 20+ o
4 -4 dg
(gl = PRt I
d df dy )
EU(}’)] = Ddr [chain rule]
x _ 1 . dy
E = ('_IX) if i # 0.
dx

Derivatives: Particular Functions

ol 0 [a = constant]
)

dix“ = nx"!

x
d .
ysinar = acosax
d .
—cosax = -—gsinax
dx
d 2
Tlannx = asec’ax
X

1

—lnax = —
dx x

diem = get

x

Indefinite Integrals: General Rules

(See also Section 7-3.)

de = x

faf(.r) dx = ajf(.\') dx [a = constant]
Jue + stonas = [rean + [seo)ax

Iu dv = wv - fv du [integration by parts: see also I3
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Indefinite Integrals: Particular Functions

(An arbitrary constant can be added to the right side of each equation.)

Ia dx = ax  [a = constant] [ x = 24
(x*t az)% a\/Pta
Ix'"dx = m1+ lx”‘" [m# 1] J’ xde -1
. (£ 2 Vxta
Isinaxdx = ——cosax .
a siffaxde = = - 20T 2ax
1 2 4q
J cosaxdx = 2 sin ax —ax
xe " dx - (ax + 1)
1 a*
J tanaxdx = 2 In|sec ax| ax
. Ix’e‘“" de = — ea—,(azx2 + 2ax +2)
J < dx = Inx J‘ dx 1. 4 x
3 3 —tan" —
1 Xt + a a a
Ieax dx = 7€ dx _l_ln(_x_—_a) [x* > )
3 -a 20 \x+a

dx 2
J‘m—z = ln(.l’ + \/X"iaz) _ __l_

1 a+x [ 2 o 2]
Si“_l(i) = —cos"(g) [if x* = a?) 2a n( ) r<a

A Few Definite Integrals

® n! © 2 m
L x"e"™dx = Iy L X" dx = o

oc o0

J e dx = = J e dx = ‘12

0 4a o 2a

o 1 * 1-3:5@2n—-1) [7

- _ 2n,-ax® = - (=

J e = g J,wet i = =G

Integration by Parts

Sometimes a difficult integral can be simplified by carefully choosing the functions u and v in the identity:

Judv =

This identity follows from the property of derivatives

ii—( v) = uﬂ-t-viiﬁ
ax " dx

uv — [ vdu. [Integration by parts]

or as differentials: d(uv) = udv + vdu.
For example [xe™* dx can be integrated by choosing u = x and dv = e *dx in the “integration by parls™ cquation above:

Ixe"‘ dx = (x)(—e™) + Je“ dx

=—xe - = —(x+ 1) "

SECTION B-6 A-7
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Good Luck!

-30 -



