Physics 237 Notes Chapter 6

In this Chapter we will focus on solutions of the time-independent Schrodinger equation for

various potentials.

The Free Particle: V(x) = 0.

The wavefunction for the free particle will have the following form:
W)=y ()e " =y (1)

where E is the total energy of the particle. The position dependent component of the

wavefunction must satisfy the following differential equation

n’ o'y

_E o’

The general solution of this equation is

The general solution of the Schrodinger equation for a free particle is thus given by

‘P(x,t): (Ae+ikx + Be—ikx)e—iwt — Aei(kx—wr) " Bei(_k"_“”)

The first term of the solution represents a particle moving towards larger x. Consider for
example the position of the maximum of the real component of this term at time ¢. The position

of the maximum, x, must satisfy the following requirement:
kx— ot =2mn
or

27wn + wt
x:—
k
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When we look at the position of the maximum at time # + dt we observe that is has move to a
position x + dx where
2en+o(t+dt) 2rn+ot odt  odt wdt

x+dx= + =x+ = dx=——
k k k k k

Since dt > 0 we conclude that dx > 0. The maximum thus moves towards larger x. We conclude
that

¥ (x,t) =A™ wave travelling to the right

W (x,t)= Be'™) : wave travelling to the left

Consider first the case where B = 0. The probability distribution associated with the

eigenfunction is equal to
P(xt) = W' (1) ¥ (x,1) = (A" 40 ) (4 h0) = A°A

The integral of the probability distribution must be equal to 1 and this requires that

T P(x,t)dx= T AAdx = A*Ade =1

But the integral of dx will approach infinity and A"A must approach 0. However, in reality there
are limits on the range of x and the integral of dx is thus finite. As a consequence A"A is non-
Zero.

The momentum of the particle can be determined by calculating the expectation value of p:

po=(p)=(¥|p¥)=[¥ (—ihi)‘l‘dx = A'Af e (—ihi]ei(kx‘“”) dx =
ox ox

= A"A((=in)(ik)) [ e e dx = (k) A" A [ dx = Tk
The expectation value of p is thus equal to

2mE

\N2mE
p=hk=h ;zn _y
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We thus conclude that Ae'“ )

direction. The probability distribution associated with this wavefunction is constant, and the

represents a particle of momentum p moving in the +x
uncertainty in the position of the free particle is approaching infinity. As a consequence, the

uncertainty in p will be equal to

hi2
ApZLﬁo
Ax

The momentum of the particle is thus very well defined, and as a consequence, its energy is also
well defined. This is consistent with the fact that the particle has a single well-defined angular

frequency.

As we have seen in Chapter 3, a realistic particle will be described by a group of waves. The

group velocity for each of these waves is equal to

dE _d | p’
y, =—=— p— zgzzk
dp dp\2m) m m

t=0. t=1
Each wave will thus ¥ o) ¥ @)
14000 £ 14000 |
propagate with a 12000f 12000}
10000 | 10000 F
different velocity. As a sood sooo
result, a free particle that i o}
4000 4000
is localized well at time ¢ 2000f w00}
= 0, will become less e 0 o @ s e =0 0w e o w0 e
t=2. t=3
localized at a later time ree) ¥ @)
12000 F
since the waves that ' s
contribute to its s000f 8000 F
. 6000 6000
wavefunction propagate ok ao0o ]
with different velocities. 2000f 00}
Thl S 1 S Shown 7130 :‘\'1 4Ic fyIZ) xln l(ll(l B A.:a :.u 42: c..u w [(‘X) R
t=4. t=5
schematically in the e F¥ )
10000
Figure on the right where e sk
8000
the sum of 200 waves ok aoof
with wave numbers 000 a000
2000 2000
between k = 19 and k = B
20 % 4 & s 10 oW 20 % . e s w0 e

21 is displayed. The

particle is travelling towards the right and the width of the peak increases with increasing time,
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indicating that the spread in x of the particle increases with time. The Figure was created using
the PsiFreeParticle.nb Mathematica notebook that can be downloaded from the Physics 237

website.

The Step Potential: V(x) =0 for x<0,V(x) =V, for x>0,and E<V,.

Consider a particle approaching a step potential with an Vi

energy E < V, (see Figure on the right). When we

consider the motion of this particle in a classical model Vix) = Vo

we expect that when the particle approaches the step from E

the left, the particle will be reflected. It will reverse its V=0
x) =

direction of motion but the magnitude of its momentum 0
will remain the same (p = \/(ZmE)).

The Schrodinger equation for this system can be written as:

e ody
——=F x<0
2m dx* v
h2 2
YV _ _(v,-E)y x>0

_E dx?

In the region x < O, the general solution to the Schrodinger equation can be written in the

following way:

2mE

V.o (x)=Ae"" + Be™ where k = 2

The first term on the right-hand side of the solution describes a wave moving towards the right
(the incident wave) while the second terms describes a wave moving to the left (the reflected
wave).

In the region x > 0, the general solution to the Schrédinger equation can be written in the

following way:

2m(V, - E)

W o (x)=Ce*" + De™ where k,= "

In order for the solutions we indicated above to be valid eigenfunctions, we need to apply the

following boundary conditions:
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1. The wavefunctions must be finite for all x. vie)

For x > 0, this condition requires that C = 0 and /\ /\ /\ /\ /\ /‘k
the wavefunction in this region is thus equal to \/ V \/
2V, - E)
h

W o(x)=De™" where k,=

. Ye(x, t) W(x,t) Alt
2. The wavefunctions must match at x = 0 (see (58 $ts.0

Figure on the right). This requires that

l//x<0 (0): Wx>0 (0) = A+B: D \

3. The derivative of the wavefunctions must
match at x = 0 (see Figure on the right). This requires that

W <o (0)= WY 120 (0) = ik(A-B)=-k,D
dx dx

The last two conditions can be used to obtain a relation between A and B:

— A k, —ik ky — k! —2ik k
. lkl(A B)— +B = A_— 2—11 B—_ 2 21 2112 B
lkl (A B) —_ _kZD k2 lkl k2 kl

The constant D can now be expressed in terms of the constant B:

D=A+B=- M B+B:(k2+ik1)_(k2_ikl)B: Zlkl
2 ky + ik, k, + ik,

The reflection coefficient R is defined as the ratio of the probability density of the reflected
wave and the probability density of the incident wave. For the step potential, the reflection

coefficient is equal to
2
B'B B'B (K +4;)

AA (K- =2ikk, ) K=k =2ikk, ), (K5 =k = 2k, (k5 = K+ 2k,
K+ k} K+ k}

The probability of a particle to be reflected is thus equal to 1. However, we should note that the

probability density distribution is not equal to zero in the region for which x > 0. There is thus a

February 23,2010 Page 5 of 26



Physics 237 Notes Chapter 6

finite probability that the particle penetrates into the classically forbidden region before being

reflected. The probability density distribution in this region is equal to

4k

B'Be %"
ki +k;

P(x) = o (X)Y o (x) = D'De™™ =

The probability density distribution falls off exponentially with position. The reduction of the
probability density distribution is often specified in terms of the distance Ax over which the
probability density decreases by 1/e*. For the step potential this distance can be obtained by
solving the following equation:

1 h
—2k2Ax=—2 = Ax=—=

k, 2m(V0 —E)

According to the uncertainty principle, this uncertainty in position corresponds to an uncertainty
in momentum that satisfies the following relation:
h

h
ZE: . =2m(V, —E)

Ap
2m(V, - E)

The uncertainty in the energy of the particle is thus equal to

2L (om(v, - E))= (% - E)

The Step Potential: V(x) =0 for x<0,V(x) =V, for x>0,and E > V,.

Consider a particle approaching a step potential with an V(x)
energy E > V, (see Figure on the right). When we E
consider the motion of this particle in a classical model V(x) = Vy

we expect that if the particle approaches the step from

the left, it will continue to move to the right after passing

the step. However, the magnitude of its momentum will V) =0 P

be reduced. Classically we expect the following values

for the linear momenta in the two regions:
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Dico =N2mE x<0
Diso = Zm(E—VO) x>0

The Schrodinger equation for this system can be written as:

nody

" 2m dx’ i ¥<0
e diy

_ﬂdxz :(E—Vo)l// x>0

In the region x < 0, the solution to the Schrodinger equation can be written in the following way:

' i 2mE
V.o (x)=Ae"" + Be™ where k = Tm

The first term on the right-hand side of the solution describes a wave moving towards the right
(the incident wave) while the second terms describes a wave moving to the left (the reflected
wave).

In the region x > 0, the solution to the Schrodinger equation can be written in the following way:

2m(E-V,)

W o (x)=Ce"™ + De™™ where k,= "

In order for the solutions we indicated above to be valid eigenfunctions, we need to apply the
following boundary conditions:
1. The wavefunction for x > 0 is expected to be a wave that moves toward the right. This

condition requires that D = 0 and the wavefunction in this region is thus equal to
Y o () = Ce™
2. The wavefunctions must match at x = 0. This requires that

l//,3c<0 (O): l//x>0 (0) = A+B: C

3. The derivative of the wavefunctions must match at x = (. This requires that
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ay (0)= Y o (0) = ik, (A-B)=ik,C
dx dx

The last two conditions can be used to obtain a relation between A and B:

A+B=C o B
. | = ik (A-B)=ik(A+B) = B=| %k, [k=k ],
ik, (A — B) = ik,C ik, + ik, k+k,

The constant C can now be expressed in terms of the constant B:

- ki +k,)+(k —k
C=A+B=A+ kl k2 A:(l 2) (l 2)A: 2k1
k, +k, k, +k, k, +k,

The wavefunction of the particle is thus equal to

Ae™* + (M}Ae_ik"‘ x<0
k, +k,
y(x)= .
L | Ae™” x>0
k +k,

The reflection coefficient R is defined as the ratio of the probability density of the reflected

wave and the probability density of the incident wave. For the step potential, the reflection

* b=k )=k ), 2
R_BB_ ky + k, k + k, _(kl_k2)

T w4 ¥ = 2<1
v wa (kvk)

coefficient is equal to

The probability of a particle to be reflected is thus less than 1. Note that the reflection
coefficient is O when k, = k,. This happens when V;; = 0 (no step) and is thus not a surprise.
The transmission coefficient 7 is equal to 1 — R:

T:1_R:1_(kl_k2) — 4k1k22
(k, +k,)

Now consider the probability density distribution in the region for which x > 0. The probability

density distribution in this region is equal to

February 23,2010 Page 8 of 26



Physics 237

Notes Chapter 6

P(x)= Voo ()w()(L]A(

k, +k,

2
2k1 Aeikzx — 2kl A*A
k, +k, k, +k,

The probability density distribution in this region is thus constant. The probability density

distribution in the x < 0 region is equal to

2
" k —k ki—k, ; .
=A"A 1+( 1 2] 4+ 2(e,2k1,\+612k1x) _
k +k, k, +k,

2
_aalie| Bk ) ok mk cos(2k,x)
k +k

]+k2 kl 2

An example of the probability density distribution

associated with the step potential is shown in the

Figure on the right. At x > 0, the probability density

distribution is constant while at x < 0 the probability

density distribution is equal to a constant and an

oscillatory term.

PH(x, ) W(x, t) Al ¢

(16/9) A*A

+<—(4/9) A*A

0 X

When we repeat the calculation for a particle approaching the step from the right-hand side, we

obtain the same reflection and transmission coefficients. We thus conclude that we get reflection

anytime the particle encounters a step in the potential; it does not matter if we step up or step

down.

We can combine the results of our study of the
step potential in the Figure shown on the right.
When E is less than the barrier (E/V, < 1) we saw
that there is no transmission (7 = 0) and only
reflection (R = 1). When E is larger than the
barrier (E/V, > 1) both reflection and

1.0

R

05 10 15 20
EfVy
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transmission occur. The transmission coefficient increases with increasing energy above the

barrier.

The Potential Barrier: V(x) =0 (x<0),V(x)=V,0<x<a),V(x) =0 (x> a)

Consider the potential barrier shown in the Figure Vi)

on the right. We will look at solutions of the Vo

Schroédinger equation that are associated with a

particle approaching the barrier from the left with . x
[

an energy E < V,,. The solutions in the regions x <

0 and x > a are solutions for free particles. In the region x < 0 we expect to see the sum of two
wave functions: one travelling towards the right (the incident wave) and one travelling towards
the left (the reflected wave). In the region x > 0 we only expect to see one wave function: one

travelling towards the right (the transmitted wave). The most general solution for this problem is

given by
‘ - 2mE
Ae™ + Be™  x<0 k, = ;“zn
J2m(V, - E
v(x)=) Fe™ +Ge™ O<x<a k,= —(ho )
. . 2mE
Ce™* +De™ a<x k, = :

Since we do not expect to see waves travelling to the left in the region x > a we must require that
D =0. All other constants are not equal to 0. We now can apply the matching conditions:
1. The wavefunctions must match at x = 0. This requires that

l//x<0(0):l//x>()(0) = A+B=F+G

2. The derivative of the wavefunctions must match at x = 0. This requires that

Wi (0)= W0 (0) = ik, (A= B) =k, (F ~G)
dx dx

3. The wavefunctions must match at x = a. This requires that

Vi< (a) =Y. (Cl) = Feikﬂ + Gekzll — Ceik]a
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4. The derivative of the wavefunctions must match at x = a. This requires that

d <a d x>a —kya ha . ikja
lZ—;‘C(a)zlg—x(a) = —kz(Fe" - Ge" )=lle€k

The reflection and transmission coefficients depend on A, B, and C. The first step will thus be to

eliminate F and G. Consider the matching conditions at x = 0:

A+B=F+G @

A—Bzi%(F—G) (2)

1

.k, Lk,
MH+2): 2A_F[1+zk—J+G[l lk j

1 1

D-(2): 2B=F(1—i&]+G(1+i&j

1 1

The matching conditions at x = a can be used to express F and G in terms of C:

Fe—2kza + G — Ceiklae—kza (1)

k )
Fe?* -G = —ik—]Ce’k’“e_"Z“ (2)

2

(D+(2): 2Fe™k = C[l - i%jeik‘“e_kz“ = 2F= C[l - igjeik‘“ekza

2 2

2

(H-(2): 2G= 0(1 + i%}e"“”e‘kz“

Using these two expressions for /' and G we can obtain the following relation between A and C:

:lC 1—i& e e 1+i& +1C 1+iﬁ eMiie 1—iﬁ -
4 k, k, 4 k, k,
:lc 2—i ﬁ—& e+ 2+ ﬁ—k—z e la L pthia
4 k, Kk k, k

February 23,2010 Page 11 of 26




Physics 237 Notes Chapter 6

If we define the constant « as k,/k, — k,/k,, we can rewrite A as
1 .
A=—C{(2-io)e" +(2+ic)e " fe™
Lef@-io)e s (2 ine)
The complex conjugate of A is thus equal to
A | 4
Af = _C* 2 +io €k2a +(2-ic e—kza e—zk,a
o2+ io) +(2- i)t}

The product of A and the complex conjugate of A is equal to

AA =%C*C{(2+ia)ek2“+(2—ioc)e‘k2“}{(2 ior) e +(2+ior)e ™ | =
- %c*c{(4 rol)(e + e )+ (2- i) +(2+ i) } =
:%CT{@+aﬁ@“ﬂ+JWQ+M—4M—aﬁ+@+4M—aﬂ}:
:I%crﬂ4+aa¢%ﬂ+amq+z@_aa}z

=GC%%@+aﬁ@W—éWY+%

The constant ¢ can be expressed in terms of the properties of the barrier:

2mE  2m(V, - E)
k, kz_kf_kzz_ K’ B K’ _E_(VO_E) 2E-V,

&k kk  2mJE(,-E)  JE(V,—E) E(V,-E)
h2

The term 4 + o can be rewritten as

2
4+az_4+[ 2k, )] BB+ CE-V) ¥ 1

E(V,-E E(V,-E) T E(V,-E) E( EJ

We can now rewrite the product of the complex conjugate of A and A as
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) A ( kya _esza)
AA=CC|1+—F<

61— L

VO VO

The transmission coefficient is thus equal to

® kya —k2a2
e e
e
16 —|1-—
Vol Y

If k,a >> 1, we can approximate this expression by

-1 -1

T =

C*C _ 1+ eZkza _ 2+ e—Zkzll _ eZkztl _ 16 E I—E —2kya
Vo

A*A B kya>1 7
16E(1—EJ 16E(1—E] 0

0 0 0 0

The transmission coefficient depends on the area under the barrier:

2m

k,a = h—z(VO - E)a

The energy dependence of T is dominated by the energy dependence of the exponential term.
When the barrier is position dependent, the

exponential term is approximated by i

2| dx /2—;”(V(,\‘)7E)
bt 5 e / h

2,2,

<Y

Applications of Tunneling
1. Alpha decay.
Consider the potential that is seen by the

alpha particle when it leaves the nucleus. The

shape of the potential barrier at r > R is
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dominated by the repulsive Coulomb potential. At distances r < R the potential is dominated
by the strong attractive nuclear potential. Assume that the energy of the alpha particle is E.

The transmission probability is proportional to
L 2m 2m 1 leze
_ e—zi /h—z(v(r)—E)dr /hz j [47% J

where Z, is the charge of the daughter nucleus (the charge of the nucleus after alpha
emission) and Z, is the charge of the alpha particle (Z, = 2). The turning point b is defined as
the point where the alpha particle emerges from the barrier. At this position, the Coulomb

potential is equal to the energy of the alpha particle:

| ZZ,e
4me, b

E=

The integral can be evaluated exactly:

b 2

1 ZZ
J\/[ 1—26—Ejdr -
~\\4me, r

| (22, 77, U=
4re, r b
Z,72,¢" 75 cos-! \/E R R’
——=—A/b<cos —_———
4re, b b b

At low energies, low compared to the height of the barrier, b >> R and the integral is

= —

approximately equal to

b 2 2

1 ZZ Z7 R
j L4 _plgr = 2228 1T f_
w\\4me, b>R\ 47E, 2 \Nb

This expression can be rewritten as

} 1 ZZe s Z,Z,¢ ‘/E(Ej: Z,2,¢" |Z,Z,¢ (Ej:leze2(£] 1
w\\4me, r 4re, 2 dme, \ 4me,E \ 2 4me, \ 2 JE

The exponent is thus equal to
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2m 1 22,6 2m 2,2, w1 2me® & Z
22| L8 _Elar =oALl R o |t € gt
n? I\ 4me, 1 n Ame, 2E n’c* 4me, VE

2 Z 1 (Z Z
=27\2me? —< (—‘j . 562—(—‘) = 4(—‘)
4me he\NE 137\ JVE JE

where E is the energy of the alpha particle in MeV. The probability that the alpha particle

tunnels through the barrier is thus equal to
o A
oo

In order for the alpha particle to tunnel through the barrier, it must interact with the barrier n

times where
z
4(@)

In a very classical picture, we can assume that if the alpha particle is reflected, it will

n=e

encounter the barrier again on the other side of the nucleus. The number of collisions of the

alpha particle with the barrier per second is equal to

%
V. ... = —
collisions
2R

where v is the velocity of the alpha particle. The typical energy of alpha particles produced
in nuclear decays is 1 — 10 MeV. The velocity of a 1 MeV alpha particle is equal to

f2E 2F 2x1 1
y= —=c\/ 2zc\/ X =c\/ =6.7x10° m/s
m mc 4000 2000

The velocity of a 10 MeV alpha particle is 2.1x 107 m/s . The radius of a nucleus of 1.5 A"
fm. For A =200, we find R = 8.7 fm. The collision rate for a 1 MeV alpha particle is thus

equal to

7 x10°
Feottisions = L—IS =2.3X 1020 S_l
2(8.7x107™%)

The lifetime of the nucleus is thus equal to
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F collisions

It is customary to look at the relation between the decay rate 1/7 and the energy of the alpha

particle:
Z
1y (% 1 v Z z
1 1
—x—e VB o log—=log—-17—==20-1.7—+
T 2R T 2R VvE VE
15 T——
Log,, of half-life (years)
_ Zd 7,23
vs. x. ( JE d )
for isotopes with Z and N
far from magic numbers .
24=2 -2
10—
/ ’
6d 150,777 oy 234 Nd | 60
5 //,+ Sm 62
VA Eu | 63
Eu 147,/ u
/7 o Am 241 Gd 64
Gd 149,+//+,° Tb 65
Tb 1510 //7 Ra 226 DV 66
Gd 148+, U 231 HE | 72
Dy 183/ 7 U 232 Pt | 78
: o152 ro | &
2 o 4/ Pa 229 Rn 86
= / V
; Fr 87
Fm 253 +/ Au 222359 Ra | 88
+ C A g
™ 149/7;» 251 ™ 1 &
Fm 250 +/$ Flin222594 Pa 91
oy 150,/ ,// Fm 255 8 Fm 252 Ry | o
=i5fes 7/ Fbu 288 8 Po 199 b | 2
Po 198 m | 100
PO 197 8 218
Pb 2174 /'Po 196 U 227
+
/ Po 216
+ At 217 , - ow 8
—10}fr 216/ o/ Po 215 oa~em!tters wn}t Z below 82
/ + + a—emitters with Z above 82
+
Po 214
/
/+/ Po 213
/ ¥
// Rn 215
7
15 1 | | |
10 15 20 25
X —>
Fig. 5-13. Plot of logyy 1/7 versus C; — CZ;/A/E with C, = 1.61 and a

slowly varying C,

28.9 + 1.6 Z;*3. (From E. K. Hyde, I. Perlman and G. T.

Seaborg, The Nuclear Properties of the Heavy Elements, Vol. 1, Prentice-Hall,
Inc. (1964), reprinted by permission.)
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2. Scanning Tunneling Microscope

Control voltages for piezotube

The scanning tunneling microscope relies on the

exponential dependence of the transmission

Tunneling Distance control
current amplifier and scanning unit

Piezoelectric tube
with electrodes

coefficient on the barrier width. Small variations

in a lead to huge variations in 7.

A schematic of the operation of the scanning

tunneling microscope is shown in the Figure on

the right, obtained from

Data processing
and display

http://www .absoluteastronomy.com/topics/Scann

ing tunneling microscope. An electric current
tunnels through the gap between the sample and the tip. The position of the tip is adjusted

such that the current stays constant. In this way, the position of the tip follows the structure

of the surface; the structure of the surface can thus can be mapped with great precision.

The Infinite Square Well: V(x) =« for x < -a/2 and x > a/2, V(x) = 0 for -a/2 < x < a/2.
Since the potential in the region x < -a/2 and x > a/2 is w,,,” A
infinite, the probability to find a particle in these regions
is zero. The wavefunction in this region is thus also 0. In
the region -a/2 < x < a/2, the wavefunction should have
the same form as the wavefunction of the free particle.
We thus conclude that .

—-af2 0 +uf2
0 x<—g
2
v(x)=1 Ae™+ Be™ ——<x<%
0 g<x
2

We note that the solutions inside the well can be written as the sum of a cosine and sine function:

. . B‘ AI . Bl Al .
Ae’k” +B€ﬂkx :(—4——')6[“ +(———‘]€[kx =
2 20 2 20

ikx —ikx iy —ikx
— Bu(%j_i_A'(%j: B'COS(kX)'i‘A'Sin(kX)
l
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The following boundary conditions are required to be satisfied:

1. The wavefunction must be continuous at x = -a/2 and at x = a/2. This requires that:

w(x = —ﬁ) = B‘cos(—kg)+ A'sin(—kg) = B'cos(kg] - A'sin(kg) =0 ()
2 2 2 2 2

l/j(x:+§):B'cos(kg)+A'sin(k%):O )

2. Since the potential goes to infinity at x = -a/2 and at x = a/2 there is no requirement that

the slope of the wavefunction is continuous at x = -a/2 and at x = a/2.

By manipulating the equations that are consistent with condition 1 we can conclude:

35 35
(1)+(2):2B'cos(k3):o L S O L
2 2 2 2 2 a a a

_27t T w

(1)—(2)=2A'sin(kﬁj:0 = kS=m2mim. = k=" .
2 2 a a a

Both of these conditions must be satisfied at the same time. Consider the following 2

possibilities:

1. fB'#0 = cos(kgj:O - sin(k%j:il = A'=0
X a a

2. IfA'#0 = sm(kg):o = cos(kaj:il = B'=0

The general solution of the infinite square well can thus be written as:
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Examples of the wavefunctions for n = 1,2, and 3 are shown in vafx)
the Figure on the right. We observe that for odd n the '\// ™\ } x
wavefunction is even (even parity) while for even n the Yal(x)
wavefunction is odd (odd parity). ! .
The value of k, is quantized. Since k, is related to the energy of i)
the particle, the energy is also quantized: e

-af2 0 +a6/2

= ME_NEME g Wk, _mhn s
a h 2m 2m

The energy of the particle is thus never equal to 0. The - V=)} 7 1 Es
lowest 5 energy levels for the infinite well are
schematically shown in the Figure on the right. The
spacing between individual levels increases when n - ' E,
increases.
The Finite Square Well: V(x) =V, for x < -a/2 and x > Fa
a/2,V(x) =0 for -a/2 < x < a/2. E;
The infinite square well shows how quantization of l E
energy emerges from the Schrodinger equation. ~a/2 0 +a/2 *

However, it is not realistic to assume that the potential approaches infinity in regions outside the
well, and a more realistic study of a potential well requires us to consider the finite square well.
The finite square well is shown schematically Vix)

in the Figure on the right. Assuming that the Vol
energy of the particle we are describing is
below V, we expect to see exponentially
decaying wavefunctions in the regions where x
< -a/2 or x > a/2. Inside the well, the shape of
the wavefunctions should be similar to the

shape of the wavefunctions in this region for

the infinite well, except that the value of the -af? 0 +af2
wavefunction at the walls is no longer required to be zero.
The most general solution of the Schrodinger equation for this potential is given by the following

expression:
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2m(V, - E
Ce™* + De ™" where k, = M x<-2
h 2
. 2mE a a
v(x)= Asm(k]x)+Bcos(klx) where k, = 5 ——<x<—
2m(V, - E
Fe"* + Ge™* where k, = % g <X

In order for this wavefunction to be a valid eigenfunction we must require that the following

conditions are met:

1. Require that the eigenfunction remains finite. In order to ensure that this requirement is

met when x approach + infinity we must require that D = F' = 0.

2. The wavefunctions must match at x = -a/2. This requires that

w(xT—%jzy/(xi—g) = Ce_kzz=Asin(—k1%)+Bcos(—klg]

3. The derivative of the wavefunctions must match at x = -a/2. This requires that

d d ot
—W[xT—f):—w(xi—fj = Che 2 = Ak, cos(—klﬁj—Bk1 sin(—klfj
dx 2 2 2 2

4. The wavefunctions must match at x = a/2. This requires that

l//(x \2 g] = y/(x T %j = Ge_kza = Asin(k1 g] + Bcos(k1 %j

5. The derivative of the wavefunctions must match at x = a/2. This requires that

d d it
—"’(xi—f):—"’(ﬂ—f) = —Ghe '?=Ak cos,(klfj—Bk1 sin(kl ﬁj
dx 2 dx 2 2 2

The total number of unknown in these fours equations is 5: A, B, C, G, and the energy E, which
defines k, and k,. It would appear that we cannot uniquely determine the unknown. But we
should realize that the wavefunction must be normalized and there is thus one addition

requirement that must be satisfied by the wavefunction.
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Consider the following 4 requirements obtained from the matching requirements:

Ce_kzZ:Asin(—klg + Bcos _klﬂj:—Asin(klg + Bcos klﬁj
2 2 2 2

Chye "2 = Ak, cos[—kl %) — Bk, sin(—kl %) = Ak, cos(kl %) + Bk, sin(kl g]

Ge_kzE = Asin(kl ﬁ) + Bcos(k1 gj
2 2

—/‘2ﬁ a . a
—Gk,e "?* = Ak, cos(k1 5) — Bk, sm(k1 Ej

We can rewrite these equations in the following way:
—Asin(kl f) + Bcos(kl ﬁj —Ce "2=0
2 2
a , a k%
Ak, cos(l’c1 5) + Bk, sm(l’c1 5) —Cky,e 2=0
Asin(k1 %) + Bcos(k1 g) _Ge *2=0

a . a ~ky
Ak, cos(kl E) — Bk, s1n(k1 5) + Gk,e

or

—sin(klg) cos(klﬁj —eikzi 0
2 2
k cos(k] 3] k sin(kl 3) ke 20 A

2 2 B

a C - 0
. a a —k

sm(k1 Ej cos(k1 Ej 0 —e 2 G

a . a *kzg
k, cos(kl Ej —k, sm(k1 5) 0 k,e 2

This equation has a non-trivial solution when the determinant of the matrix vanishes. This

requires that
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This is equivalent to

—sin(klﬁj
2

—k, sin

a
_k2 5

k, cos(k]

ﬁj k, sin(kl ﬁj 0
2 2

I
2]
A.
=
7N
Ren
[
N—

Notes Chapter 6
. a a *kzﬁ
—sin kl_j cos(kl—j —e 2 0
2 2
k cos(kl %) k sin(kl %) ke 20
=0
.
sin klgj cos(klﬁj 0 —e ?
2 2
il
klcos(klg) —klsin(kl%) 0 ke 2
il P
ksin| k2] —ke 2 0 klcos(klg) ke 20
2 2
cos klﬁ 0 —eikzg —COS(klg) sin(klg 0 —eik25
2 2 2
a _kzg a —kzE
(kij 0 k,e 2 klcos(klz) 0 k,e "2

= kye ™k (kz cos(kl gj —k, sin(kl %D
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k, cos(kl ﬁj k, sin(kl 9) 0
2 2

a . —ky
k, cos klz —k, sin klE k,e

a
2

sin(k1 ﬁ) cos(k1 ﬁj —e_kr
2 2
a

a

2

—kya . a a
= k,e ™ [kz sm(kl 5)+kl cos(kl ED

a ay . a , a\| ks
= [klk2 cos’ (kl > - 2k} cos(k1 E]sm(kl 5) — k,k, sin’ (kl Eﬂe 2 =
= k,k, | cos’ (kl ) [kl ﬁ) P 2k’ cos(k1 g)sin(k1 g)e_l%

2 2 2 2

The determinant of the matrix is thus equal to

) a kg a ) a a —kya ) a a
—sm(kla)kze . (k2 cos(kla)—kl sm(kl EJJ—COS(kIE)kze ¢ [kz sm(kla)+kl COS(kIED

_ehk ke (0052 (kl %) —sin? (kl gne_kZZ —-2k! cos(kl %jsin(kl g]e_kz

8]

= 2 (k2 + K2 ) sin(kl %)cos(kl %) + 2k ke sin? (kl gj — 2k kye ™" cos’ (kl gj =0

This requires that

2(k12 + kzz)sin(k1 %)cos(kl %j — 2k k, sin” (kl %) + 2k k, cos’ (kl %) =0

This equation can be rewritten as

(k2 + kzz)sin(Zkl %) + 2k k, cos(Zkl gj =0 = (k+k)+2kk, cot(2kl %) =0
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This equation can be used to express k, in terms of k;:

K2 + 2k, cot(2kl g)kz +E2=0 =

The requirement to find a solution is thus equivalent to the following two requirements:

k, tan(k1 Ej
2

—k, cot(k1 ﬁ)
2

But, k, is related to k;:

2m(Vy—E) 2mV, 2mE 2mV,
P A

k= — k!
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The requirements to find a solution can thus be rewritten as:

1 /2 1
— m_zV(,_k12 =tan(klg) and —kl—ztan(k] ﬁ)
kN h 2 2mV, 2

To find values of k1 for which solutions can be found we can
examine plots of the left-hand side of each equation and the ) \Z
right-hand side of each equation. An example is shown in the

D k
T2 %4 |5 6 7
Figure on the right. For this example, there are 4 eigen values. -2 /

The corresponding eigenfunctions are shown in the Figures 3

0.75 0.75
0.5 0.5
0.25 0.25
2 0 < 0
-0.25 ki=1.3018 -0.25 ky=2.5856
_05 ko=3.8185 _05 ko=4.8515
-0.75 -0.75

The Simple Harmonic Oscillator

below.

One important potential in many areas of physics is the harmonic oscillator. It describes the
potential around an equilibrium position for a divers range of systems. When we look in the
vicinity of the equilibrium position, we find that many potential distributions have a shape

similar to that of the simple harmonic oscillator:

V(x)= %sz

In classical physics, we expect that the motion associated with the harmonic oscillator has a

frequency equal to

1 |C
V=—o: ,—
2r \'m

According to Planck, the energy associated with the harmonic oscillator is quantized and equal to

E, =nhv n=0,1,2,..
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When we solve the Schrodinger equation for the simple harmonic oscillator we find the that

energy of the solutions can be written as

E, =(n+%jhv n=0,1,2,....

The biggest difference between the classical and the quantum mechanical solution is the zero-
point energy. In the classical model, the energy of the system can be zero (n = 0); in the
quantum mechanical model, the energy for n =0 is Av/2. The limit of E is due to the uncertainty
principle.

Consider the classical turning points for n = 0:

1 1 h
—hv==Cx> = x=+= w
2 2 C

The uncertainty in x is thus equal to

Av= [
C

According to the uncertainty principle, the uncertainty in x produces an uncertainty in p:

aps 1 [C

2Ac 2\ hv

The corresponding uncertainty in the energy is equal to

[h C T [hz c] (hz (4”2"2’”)]
2 A vl 4 v
p—J=2pAp2 2\ hv 4 hv :lh

2m = =

AE:A( Vv

2m m m m
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